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Kinetics of Living Polymerization with
Propagation Rate Constants Depending
on Degree of Polymerization

ITARU MITA

Institute of Space and Aeronautical Sciences
University of Tokyo
Tokyo, Japan

SUMMARY

A study is presented on the kinetics of living polymerization in which
the propagation rate constants decrease to zero at a certain degree of
polymerization of the propagating chain. The general solution for the dis-
tribution function and the rate of polymerization is given and two special
cases are discussed. When all the propagation rate constants are the same
up to a critical degree of polymerization and null beyond it, the polymeri-
zation proceeds approximately as a normal living polymerization until the
number-average degree of polymerization reach 85 to 90% of the critical
value. When the propagation rate constants decrease linearly with the
degree of polymerization, the distribution of living polymer is narrower
than the usual Poisson distribution and the reaction order of the rate of
polymerization with respect to monomer concentration is between first
and second and is affected by the initial monomer and catalyst concen-
trations.
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This work presents the kinetics of living polymerization without termina-
tion in which the rate constants of propagation decrease to zero at a
certain degree of polymerization.

In a series of studies on the anionic polymerization of aldehydes [1, 2],
we have shown that the polymerization is living but when the polymer
precipitates, the polymerization does not proceed beyond a certain degree
because of occlusion of the active chain ends in the precipitate. When the
temperature of the system is raised, the living polymer is depolymerized
and the precipitate disappears whereas the end capped polymer does not.
These facts show that the polymerization stops due to the slowing down of
the propagation rate and not because of the termination reaction.

In the case of radical polymerization accompanied by precipitation, it
is often said that in addition to the usual second-order termination, a first-
order termination is operative. But this concept is rather ambiguous and
must be elaborated further. The propagation of chain radical must stop
either by second-order termination or by occlusion, but the concurrent
occurrence of the two phenomena is rather unlikely. In the media or
precipitate where the former reaction is going on, the polymer chain is
sufficiently mobile and occlusion cannot be anticipated. For a chain end
to be occluded, the media must be a glassy state where not only the second-
order termination but also the propagation reaction must cease. Stoppage
of polymerization due to glassification of the media has been shown in our
works on diffusion controlled polymerization [3, 4]. In radical polymeri-
zation, a so-called gel effect makes the kinetics very complex. Consequently,
in the present work we confine ourselves to the problem of a living anionic
polymerization in which chemical termination can be excluded. There are
many theoretical works on the kinetics of living polymerization and that of
Coleman et al. [5] is especially very elegant. However, none of them has
studied the cases where the propagation rate constants vary with the degree
of polymerization.

RESULTS AND DISCUSSION

We assume: 1) propagation rate constants are dependent only on the
degree of polymerization of the growing chain, 2) polymer does not grow
beyond (m + 1)-mer, 3) chemical termination and side reaction are
excluded, and 4) initiation is instantaneous. Then the reaction scheme is
expressed by
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fast _
C +M—P;

- ky
Pp+M—— P,

Pz +M—2—Pxy

km
Pm + M ——Pm+t]

Pm+1 does not propagate further.
Two notations, 6 and py, are introduced. The former is defined as

8 = ft(m)dt (1
Q
or
dg/dt = (M) )]
and
px = (P/(C)o (3)

where (C), is the initial catalyst concentration or, because the initiation is
instantaneous, it is equal to (P7)s. Consequently, px represents a concen-
tration fraction of living x-mer.

The rate equations corresponding to the above mechanism are given by

dpl/d0 =-kip @
dpx/d6 =kx-1px-1 -kxpx (2<x<m) %)
dpx+1/d0 =kmpm )

At6=0,p1 =1 andpx=0(x$ 1).
The above series of differential equations can be solved by application of
Laplace transformation. The results are

P =a} e-kle =e'kla (7)

k k
= a? e-k,B k.0 = ! e'k10+—l—— e'k20

2
P2 taze Kk, -k, k; -k,



10: 45 25 January 2011

Downl oaded At:

886 I MITA

X
b= T axekif (1<x<m) (8)
i=1 1

where a)i( is given by

aX= kl k2 kl-l . kl+1 kx-l 1
i ky-ki ko-ki ki1 - ki lki-o.l ~ ki .“kx—l-ki ky - ki
Tl — @<x<m) ©)
= X<m
n=1 n%l kn - Xj
and
m .
Pt =1 - 2 ari“"'le'kl‘9 (10)
i=1
where
m m 1
SRS (11)
n=1 n#i Kn-ki
As for the rate equation of monomer consumption, it is given by
m m K m
- dM)/d8 = (C)o = kxpx=(Co E (K T ka¥) (12)
x=1 i=1 x=1
and by integration
M- T qlekfy T
X =—o——= 2 L) i
(C)o i=1 Kj x=i
(13)

Equations (7) through (13) are the general solution for the distribution
of living x-mer and for the rate equations of a polymerization with different
propagation rate constant at each propagation step.

These equations are, however, too general to know any characteristic
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feature of the polymerization. Consequently, two special cases will be

treated in the following, i.e., a case where all the propagation constants
are equal up to m-mer and a case where the rate constants are linearly

decreasing with the degree of polymerization.

Case 1

The conditions are given by two equations, kx = k (m = x > 1) and
km+] = 0. In this case, the original differential equations up to x = m are
reduced to those of normal living polymerization leading to Poisson distri-
bution. Consequently px is given by

_ ko (k6)x-] >
px =€ G-T)T m=2x21) (14)
and Pm+1 I8 8iven by the remaining fraction
m -1
oo R ka)x
=1- T p =z ekb( 15
P+ x=1 Px x=m+1 (x - 1) (13)

Equations (14) and (15) can also be obtained from Egs. (7) to (10) by
putting all the ky identical. But it can not be done directly and it is neces-
sary to put ky =k + 8¢, expand edx with 5x, and calculate the limiting
value at 65 > 0.

As is well known, the Poisson distribution is very narrow and P+l
given in Eq. (15), must be very small until the degree of polymerization of
the living polymer comes near to m + 1. It can be evaluated as follows:

= kg (ko)ym kf (k8)’
P+ = © m! (l+m+1+(m+])(m+2)+ )

< e-ke (kezm (1 +t+ tz +t--- )= e-kG (ke)m+1 . 1
m! (m + l)! t(l - t)
(16)

where »

t =
m+1l

1
Using as an approximation (m + 1)! ~ [(m + 1)/e] ™! [22(m + 1)]2
we obtain
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P+l S (tel‘t)mﬂ/t(l -t) [2n(m + 1)]% an

For a polymer with a normal Poisson distribution, the number-average degree
of polymerization is given by X, =k + 1, and this also holds approximately
for our case provided that p ., issmall. Accordingly,t~Xp/(m + 1), or in

other words t, is a ratio of the number-average degree of polymerization to
its final value. Using Eq. (17), we can evaluate numerically the value of
P+l for arbitrary t and m. For example, for the Pyt to be more than 0.01

or 1%, t > 0.93 for m = 10® and t > 0.85 for m = 300. This means that most
of the polymerization proceeds as a usual living polymerization until X, is near
its final value. Consequently the rate of polymerization is first-order with re-
spect to monomer concentration and the distribution is approximately of the
Poisson type. At the final stage of polymerization the rate decreases gradually
because of a decrease in active chain ends, and the distribution becomes

sharper than Poisson distribution and reaches a monodispersed (m + 1)-mer

at the completion of the reaction.

Case 2

The rate constants of propagation decrease linearly with the degree of
polymerization and k . .; = 0. This condition is expressed by

ke =ko(1 - 250 (1)

Then a)i(, given by Eqs. (8) and (10), can be cast into a very compact form.

x. m m-1 —m-i s m-i+2 ~ m-x 1
A ) 7 (m-i+t D)=y Cx+ii-x
=1 1Cy1 5x-1Ciep (m=x3>1) (19)
and m+] i
a,  =(-1)™! mCi-1 (x=m+1) (20)

where C, = s!/(s - D!,
k8 /m

By using Eqs. (19) and (20) and the simplifying notation r = e
Egs. (8) and (10) are reduced to a single distribution function of very
simple form.
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p=r™ C -1 @m+1zx>1) @en

This is a sort of binominal distribution.

From the distribution function thus obtained, each moment of distribu-
tion can be calculated easily.

Oth moment L= Z Py = ! (22)

1st moment L= Z xpy = [(m + Dr -m]/r 23)

m+1l
2nd moment L, = X x’p, = [(m+ 1)** -(2m?® + m)"

x=1
+ (m? - m)]/r? 24)

Number- and weight-average degrees of polymerization are

X, = Li/Lo=[(m+ )r -m]/r (25)

Xy = Lo/Ly = [(m + 1)’r? - 2m? + m) + (m? - m)]/[(m + 1)r? - mr]
(26)

From Eq. (25) the parameter r can be visualized as a function of number-
average degree of polymerization

r=m/(m+ 1 -Yn)
The dispersity parameter U is given either as a function of r or of Xy
= v = 2 = < v ¥ 2
U= (?W/xn) ~1=m-D/[(m+ 1)y -m]2=(m+1 -X XX, - 1)/mx
(27)

As is well known, the dispersity parameter of a normal Poisson distribution
is given approximately by U = 1 /(in - 1). Accordingly, the above distribu-

tion is narrower than the usual Poisson distribution by a factor of approxi-
mately 1 - in/m.
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Now let us calculate the rate Eq. (12). By using the initial condition
(18) and with the aid of Eqs. (22) and (23), it is simplified as

m+]
-d(M)/d6 = (C)o x§l kyp, = (Coko [(m + 1)Lo/m + Ly /m] = (C)oko/r

0
= ko(C)oc 0 /™ @8

By integration

-kg /m
M)o - (M) -(C)o =(C)om (1 -e ) (29)

6
By substituting ek /M obtained from Eq. (29) into Eq. (28) and replac-
ing d(M)/d8 by d(M)/(M) dt, a rate equation in terms of monomer concen-
tration and time can be obtained:

~d(M)/dt = (ko /m}M)[(Cho(m + 1) - (M)o + (M)] (30)

Its integrated form is given by

M) = s[(M)o - (C)o]/[(ChomeSt/™ + (C)o - (M)o] 31)

where

$=(Clo(m + 1) - (M)

Whens>0orm+ 1> M)/(C)o, (M) =0 at t > o0, ie., monomer is
consumed completely before X reach the critical value m + 1. When
$<0.or m +1 < (M)o/(Co, Mfinal = Mo - (Cho(m + 1) at t > =,

i.e., all the living chains will have their maximum degree of polymerization
and the remaining monomer cannot react further. Equation (30) shows that
the reaction is externally first-order with respect to monomer concentration
because (M) = (M), at the initial stage. But the internal consumption of
monomer during polymerization is between first- and second-order, and it
can be approximated as first-order only when | 5 | » (M), and when s € (M)
the reaction is approximately a second-order reaction.

Internal second-order consumption of monomer has been reported by
Higashimura et al. [6] for heterogeneous cationic polymerization of trioxane
in nitrobenzene. They have attributed the behavior to the change in dielec-
tric constant of the media. The second-order nature of the reaction was
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confirmed by Iguchi and interpreted by a concept that the rate of forma-
tion of precipitate is expressed as an Avrami’s crystallization equation, and
that the polymerization proceeds only outside of precipitate [7]. In the
case of precipitation of crystals during polymerization, this interpretation
might hold, but in the case of precipitation of amorphous polymer, the
polymer may be swelled with monomer and the polymerization may pro-
ceed in the precipitate until the system becomes glass and propagation is
no longer allowed.

Only two special idealized cases are treated in this work. Real polym-
erizations accompanied with precipitation or glassification may be much
more complex. Nevertheless, the results of our calculations show some
characteristic features of the polymerization.
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